Abstract: Let be a permutation group acting on a nite set of cardinality . The number of orbits of the induced action of on the set of all -element subsets of obeys the trivial estimates | |/| | ≤ | / | ≤ | |. In this paper the upper estimate is improved in terms of the minimal degree of the group or the minimal degree of its subset with small complement. In particular, using the universal estimates obtained by Bochert for the minimal degree of a group and by Babai-Pyber for the order of a group, in terms of only we demonstrate that if is a 2-transitive group other than the full symmetric or the alternating groups, and are large enough, and the ratio / is bounded away from 0 and 1, then | / | ≈ | |/| |. Similar results hold true for the induced action of on the set ( ) of all -element multisets with elements drawn from , provided that the ratio /( + ) is uniformly bounded away from 0 and 1.
Introduction
Let be a nite set of cardinality | | = and be a permutation group acting on , that is, a subgroup of the full symmetric group ( ). Denote by the set of all -element subsets of , and by ( ) the set of all -element multisets with elements drawn from , that is, multiplicity functions :
→ ℤ + such that ∑ ∈ ( ) = ; here, ℤ + is the set of all nonnegative integers. The group naturally acts both on and on ( ) . We are interested in estimating the number of orbits in both of these actions in the case when and are large. Stated informally, the main idea of this work is that in many natural situations the average size of the stabilizer of a set ∈ or a multiset ∈ ( ) is close to one, the stabilizer for the majority of such consists only of the identity transformation, and the orbits are regular, which means that they have the maximum possible size, | |. Accordingly, the numbers ( ) = | / | and ( ) ( ) = | ( ) / | of orbits are close to the minimal possible numbers, which correspond to the free action, namely, ( ) ∼ /| | and ( ) ( ) ∼ ( ) /| |, where = | |, ( ) = | ( ) |. The fact that a permutation group acts asymptotically free on (multi)sets has been noticed long ago in appropriate problems of enumerative combinatorics. The earliest example known from the literature is the result about the asymptotics (with respect to the number of vertices) of the number of graphs (up to isomorphism). 1 In our context it is more convenient to speculate on the number , of graphs with a given number | | = of vertices and a given number of edges. Then = 2 is the set of vertex pairs, = | | = 2 ; the elements of correspond to labeled graphs with edges, = ( ) is the group of relabelings of the graph vertices, and the quotient of by the action of is obtained by identifying graphs which di er only in the order of the labels, so that , = | / |. If the ratio /| | -the density of ones in the adjacency matrix of a graph -is not too close to 0 or 1, then , ∼ | |/| |, which means that the action is almost free [3] , [1, Exercize 9.13] . In this example, as it often happens in general, the problem of enumeration of labeled structures is relatively easy, and the main di culty consists in the quantitative account for identi cations due to the «labels' removal».
Useful material for the investigation of the existence and generic character of regular orbits can be drawn from linear algebra over nite elds: actions of linear (a ne, projective) groups on con gurations of points, Grassmannians and so on. In [4] it is shown that there exist subsets in a linear space of dimension at least 5 over 2 which are totally variant under the action of the general linear group, in other words, it is established that there exist regular orbits of ( ) in 2 . In the paper [5] , the author discusses equivalence classes of Boolean functions by linear groups and mentions on p. 166 (either as a folklore or as his own intuitive suggestion?) that «asymptotically almost all functions and types are totally variant», giving no precise formulations or references.
In linear algebra we also mention results of Wild [6, 7] and Xiang-Dong Hou [8, 9, 10] on the asymptotic number of matroids and -ary codes; it is demonstrated that the action of the group of permutations of the elements of a given basis on the Grassmannian in is asymptotically (as → ∞) free. In paper [11] the same topic is addressed from a rather attractive (but not regarded in our work) standpoint -the relation to the asymptotic theory of characters.
A signi cant number of papers -see, for instance, [12, 13, 14] -are devoted to the study of other problems of the action of on the sets of subsets , including the case when the set is in nite ( = ∞), but there are nitely many orbits ( ). In [15] the authors established an intuitively expected property that the sequence ( ) is unimodal, which means that it changes the character of monotonicity exactly once; more accurately, this sequence is non-decreasing for ≤ /2. (Whereas for > /2 we have ( ) = − ( ).) However, the problem of nding the asymptotics of the numbers ( ) for large nite values of both and seems to be left beyond the scope of the aforementioned papers -for, otherwise, estimates similar to those derived below would have undoubtely been mentioned.
This work has appeared as a branch line in the project devoted to the enumeration of thin gradings on Lie algebras. I am grateful to M.V. Kochetov who invited me to participate in this project. The problem of deriving nontrivial estimates for the average size of the stabilizer arose during our discussion of the possible improvement of the upper estimate in Theorem 6.2 of the work [16] (which is to be published separately).
The paper is organized as follows. It consists of a «theoretical part» ( § § 2-4) and applications ( § 5). The main results of the theoretical part are Theorems 4 and 5, which provide estimates for the average size of the stabilizer of the action of on and ( ) . To see how these quantities are related to the numbers , ( ) of orbits we refer the reader to the beginning of § 4. Our calculation of the number of orbits is based on the Burnside lemma; therefore we start our analysis with estimating the number of subsets or multisets that are invariant under a given permutation in terms of its cyclic structure. This is the subject of § 2: it includes all «analytic» part of the paper. Our inequalities are elementary, but de nitely not optimal: we are primarily interested in simple and universal estimates.
In § § 3 and 4 we gradually enlarge the range of objects under investigation; rst, the results are carried over to arbitrary assemblies of permutations ( § 3), then, to groups ( § 4). The proofs of the new assertions in these sections are reduced to trivial substitutions. Most of the notions we use here are standard, except for the following two points. (1) In § 3 we de ne the cycle index for an arbitrary assembly of permutations; in the case of groups it di ers from the cycle index used in the Red eld-Pólya theory by the absence of the normalizing factor. (2) A frequently occurring object -a pair ( , ), where is a xed point of a permutation , -seems to have no commonly accepted name so far. We use the term «passive pair».
Theorems 1, 2, 3, and 4 line up in one logical chain, in which the estimates obtained are successively roughened; thus, there is a potential possibility to take fuller advantage of the available information on the cycle structure of individual permutations and their assemblies. A variation on this subject is the branch line «Theorem 3 ⇒ Corollary 1 ⇒ Thoerem 5».
In Proposition 1, which concludes § 4, we give an accurate formulation of the result that if the average size of the stabilizer is close to one, then almost all orbits are regular.
In the rst two subsections of § 5 we describe examples of applications of Theorems 4 and 5 to particular groups, whereas in Subsection 5.3 we discuss corollaries of Theorem 4 in the context of the results of the general theory of permutation groups dating back to the nineteenth century papers by C. Jordan and A. Bochert.
Theorem 6 in Subsection 5.1, which is concerned with the action of ( , ) on subsets/multisets, illustrates the power of Theorem 4 in a simple situation, which, however, may be of a rather general interest. We are not aware of any publications presenting this result. A predesigned application of Theorem 6 is the improvement of the estimate derived in [16] , which has already been mentioned above.
Unfortunately, neither Theorem 6, nor -directly -Theorem 4 are applicable for the derivation of the aforementioned results obtained by Wild and Hou for the asymptotics of the number of matroids or linear codes. However, it seems interesting the derive these results in the framework of the unifying approach. Apparently, it is needed to re ne the proof of Theorem 1 with the use (at least in part) of the additional information that was employed by Wild and Hou (the theory of the normal forms of matrices over a nite eld).
The aim of Subsection 5.2 is to give an example illustrating the similarity and discrepancy of the application of Theorems 4 and 5 (to the asymptotic enumeration of uniform hypergraphs and graphs, respectively). Theorem 8 overlaps Oberschelp's Theorem [1, § 9.3] , though it is weaker than Wright's theorem [3] .
The main aim of Subsection 5.3 is to investigate the e ect of substituting into Theorem 4 some known inequalities which relate the degree of a permutation group to its order and minimal degree. Unexpectedly, a general conclusion (Theorem 9b) may be drawn for 2-transitive groups except the full symmetric and the alternating groups: such groups admit an almost free action as = | | → ∞ on if the ratio / is bounded away from 0 and 1, and on ( ) if /( + ) is bounded away from 0 and 1.
Estimates for a single permutation
First, let us estimate the number of sets and multisets of a given size which are invariant under one particular permutation in terms of the cycle lengths of the permutation. Let us denote the ratios / and /( + ) as follows:
Introducing the notation ℎ( ) = − ln − ln (2) for the entropy of the two-dimensional distribution with probabilities and = 1 − , by the Stirling formula we have
and
The constants in the -estimates are uniformly bounded when and are bounded away from 0 and 1. (More exactly, the assumption ∈ [ , 1− ] is pertinent to formula (3), and the assumption ∈ [ , 1− ], to formula (4).)
2.
For a permutation ∈ ( ), let ( ) denote the number of cycles of length , so that ∑ =1 = . A convenient auxiliary object is the cycle monomial
Here 1 , 2 , . . . are formal variables. It is evident that ( , 2 , 3 , . . . ) = . Let us denote
Thus, ( ) = |Fix( )| is the number of xed points of the permutation , and the number ( ), which is referred to as the degree of the permutation , see [17] , is the size of the support supp( ) = \ Fix( ) = { ∈ | ( ) ̸ = }. Let us introduce a special notation for the numbers of xed points under the action of on and on
Here Fix ( ) ⊂ 2 is the set of -invariant -subsets in and Fix ( ) ( ) ⊂ 2 ( ) is the set of -invariant -multisets.
The generating functions for the quantities (8) are
One can easily derive the following well-known relation:
Indeed, is the union of -orbits (the cycles of the permutation ). Each -invariant subset ⊂ stands in a one-to-one correspondence with a subset̄ of the space / of orbits. Expanding the product = ∏ ∈ / (1 + ) we see that there is a unique monomial = ∏ ∈̄ that corresponds to the subset̄ . Substituting =
| |
we obtain = ∏ ≥1 (1 + ) ( ) , and the monomial takes the form , where the exponent = ∑ ∈̄ | | = | | is equal to the size of the subset . Similarly, one can derive the relation
In particular, when = (the identity permutation), we have
3.
The starting points for further investigation are the estimates for the number of -invariant -(multi)sets.
Recall that the notation used in Theorem 1 is introduced in the formulae (1), (2) and (6), (7), (8).
Theorem 1. For a permutation the following upper estimates for the number of -invariant -subsets and -multisets are valid:
Proof. (a) For any > 0 the function → (1 + ) 1/ decreases. Consequently, we have the inequality
Applying this inequality with = 3 , 4 , . . . , we obtain
Since the coe cients of the generating function ( ) are nonnegative, for any > 0 we have
The minimum value of the function
Calculations give us
Also, we have 1
Substituting the value = * into estimate (12), we arrive at inequality (9).
(b) The proof of inequality (10) is quite similar. Instead of (11) we use the inequality
which holds for any ∈ [0, 1).
As in (12) , for any ∈ (0, 1) we have
On the right-hand side of this relation we substitute for the value
which a ords a minimum to the function
The minimum value is − ( * ) ( ) ( ( * ) ) = ( + )ℎ( ) , and now (10) follows from (13) .
Estimates for assemblies of permutations
We call a pair ( , ), where is a multiset (in particular, a subset) with elements drawn from , a passive pair if ( ) = . Our aim in this section consists in nding generale stimates for the number of passive pairs ( , ) under certain constraints on and .
Let be a subset (not necessarily a subgroup) of the group ( ). All information about the cycle structure of the permutations of assembly is carried by the cycle index -the sum of the cycle monomials of the form (5) (
, ).
We shall need a generating function of a more particular form, which carries information only about the distribution of the number of xed points or, equivalently, about the distribution of the support sizes. Let be the number of ∈ such that ( ) = . We denote
It is easily seen that
Let ( ( ) ) be the number of passive pairs ( , ) such that ∈ and ∈ ( ∈ and ∈ ( ) , respectively). Evidently,
It is convenient to introduce the notation
Summung up the estimates mentioned in Theorem 1 over ∈ gives the following result.
Theorem 2. The following inequalities hold:
De nition 1. By the minimal degree of a subset ⊂ ( ) we call the minimal size of the support of a permutation ∈ : = min ∈ ( ).
Remark 1.
If ∈ , then our de nition gives = 0. In particular, this is so when is a group. In this case, to avoid the terminological collision, we have to distinguish between the concepts of the minimal degree of a subset and the minimal degree of a group. According to the standard de nition (see, for instance, [17] ), the minimal degree of a group coincides with the minimal degree of a subset ὔ = \ { } in our sense. In an explicit form, 
Proof. We apply Theorem 2 and use the estimate ( ) ≤ | | .
The quantities and ( ) , treated as functions of the set , are additive. This evident remark may be useful to bound the in uence of a «bad» set of a small size on the estimate in the whole: Corollary 1. Let ⊊ and * := \ > . Then the estimates (17) and (18) can be improved:
Estimates for the average size of the stabilizer Now let us derive estimates concerning the action of a group ⊂ ( ) on the set of subsets and on the set of multisets ( ) .
It is generally known that if the group acts on a nite set , then the number | / | of orbits is given by Burnside lemma (or the Cauchy-Frobenius-Burnside lemma):
This formula is widely used in calculations; however, to formulate and correctly interpret our results, it will be more convenient to put it in an alternative form
is the average size of the stabilizers of elements ∈ . It is obvious seen that 1 ≤ ⟨Stab ⟩ ≤ | |; accordingly,
The upper bound corresponds to the case of the trivial action, under which each orbit consists of a single point. The lower bound corresponds to the case of the free action, when the transformation assigned to any permutation ∈ (distinct from the identity permutation) has no xed points. In the case | | ≤ | | we obviously have the lower estimate | / | ≥ 1 (which is satis ed as equality if the action is transitive); accordingly, ⟨Stab ⟩ ≥ | |/| |.
Our study is aimed at improving the upper bound in (21) and nding conditions under which the improved estimate becomes asymptotically close to the trivial lower bound. For the -set we shall take and ( ) .
Given a group and a set , we write ⟨Stab ⟩ instead of ⟨Stab ⟩ and ⟨Stab ( ) ⟩ instead of ⟨Stab ( )
⟩.
In the notation introduced above ( = | |, is the number of passive pairs in × and others), the average size of the stabilizer in the two cases which are of interest for us is given by the formulae
The following theorem immediately follows from Theorem 3 and the asymptotic formulae (3), (4). 
for the action on sets and
for the action on multisets. In these estimates = / , = /( + ),
and the quantities 1 = 1 ( ) and 2 = 2 ( ) are the same as in (14) .
How informative is Theorem 4? Inequalities (22) and (23) are meaningful whenever their right-hand sides are less than 1. Hence, the «applicability threshold» of this theorem can be characterized by the relation ≈ log .
The higher the ratio / ln , the more powerful the theorem. Note that the factors of the order of on the right-hand sides of the estimates established in Theorem 4 do not appear naturally. They arise as a result of a simple rough estimation of the coe cients of the generating functions ( ) and ( ) ( ) in Theorem 1. More accurate estimates derived using the saddle-point method would allow us to get rid of these factors and, thus, to obtain nontrivial upper estimates for the number of orbits even in the range ≪ ln , which remains «uncovered» by Theorem 4.
Thus, the factors of the order of are non-signi cant when ≫ ln . According to the known results of the theory of permutation groups, which are mentioned in § 5.3, this condition (asymptotically) holds at least for transitive groups except ( ) and ( ). In Theorem 4 much more important is the relationship between the values of and ln | |. Roughly speaking, the theorem shows that the action of on sets and multisets of an appropriate size is almost free if ≫ ln | |. This condition may be weakened by means of a more detailed information about the cycles of permutations in the group . For instance, (the minimal degree of the group) is not an appropriate parameter for our purporses in the case where only a few elements of the group (say, elements of a «bad» subset ) have their degree close to or, at least, insu ciently well estimated from below, whereas the degree of the majority of the elements much exceeds , that is, \ ≫ .
Keeping in mind situations of this kind, we present a theorem which relates to Theorem 4 in the same way as Corollary 1 relates to Theorem 3.
Theorem 5. Suppose that, in addition to the conditions of Theorem 4, for a subset of the group it is known that
* := \ > . Then the following estimates hold:
Here, the notation is the same as in Theorem 4.
Successful application of Theorem 5 in proving that acts asymptotically free on (multi)sets depends on the possibility of distinguishing a «bad, but small» subset ⊂ such that * ≫ log | |, ≫ log | |.
In conclusion of the theoretical part of the work let us present some lower estimates for the number of regular orbits and points on them. These estimates are derived without utilization of our theory, but are useful for applications. We shall present them in probabilistic terms.
Proposition 1. Suppose that a group acts on a set and let be the deviation of the average size of the stabilizer from 1:
= ⟨Stab ⟩ − 1.
(a) Suppose that the space / of orbits is endowed with the uniform probability distribution (which is to say that all orbits are equally likely to be observed). Then the probability that a randomly chosen orbit is regular is at least (1 − )/(1 + ).
(b) Suppose that the set is endowed with the uniform probability distribution (which is to say that all points are equally likely to be observed). Then the probability that a randomly chosen point belongs to a regular orbit (or, equivalently, that |Stab( )| = 1) is not less than 1 − .
Proof. (a) Let be the set of regular orbits. Then
Consequently,
Dividing both sides of this relation by | | and taking into account the equality | |/| | = | / |(1 + ) −1 , we arrive at the inequality
Therefore, the fraction of regular orbits, which equals | |/| / |, is not less than (1 − )/(1 + ). Hence, the fraction of points that belong to regular orbits is not less than 1 − .
Applications . The number of classes of a ne equivalence of -tuples of vectors
Let us take for a linear space of dimension over a nite eld . Enumeration of classes of a ne equivalence of -point unlabeled con gurations in the space is equivalent to enumeration of orbits under the action of the a ne group = ( , ) on the set (if all points of the con guration are distinct), or on the set ( ) (if multiple points are allowed). Following the notation introduced in the beginning of this work, we denote these numbers by ( ( , )) and ( ) ( ( , )), respectively.
Given the eld size we suppose that , → ∞. Note that
Theorem 6.
Given an ∈ (0, 1/2) we have the following asymptotics as → ∞:
More exactly, the deviation from 1 of the average size of the stabilizer under the action of the group ( , ) on the corresponding set satis es the estimates:
in the case (b)
Here, 1 ( ) and 2 ( ) are numbers between 0 and 1 de ned by formula (14) and is a constant.
Proof. The minimal degree of the group is = − −1 = (1 − −1 ) (compare with [20] , Exercise 3.3.3).
Indeed, the xed points of the a ne mapping → + form an a ne subspace parallel to the linear subspace Ker( − ); its cardinality is at most −1 when ̸ = . In turn, if = , but ̸ = 0, then there are no xed points.
It remains to apply Theorem 4.
Remark 2. (a)
When passing from the group to its subgroup acting on the same set, the sizes of the stabilizers do not increase. In particular, estimates (28) and (27) are valid for any subgroup of the a ne group, in particular, for any linear group acting on the space = ( ) . By Theorem 6 ὔ we shall denote a copy of Theorem 6 with the group = ( , ) employed instead of = ( , ).
(b) On the other hand, if the action of the group is restricted to a ( -invariant) subset ὔ ⊂ , there is no reasonable basis for carrying over to ὔ and ὔ ( ) the estimates on the average size of the stabilizers that are available for and ( ) .
Example 1. Theorem 6 does not logically follow (at least, immediately) from Theorem 6 ὔ . Indeed, let us x an embedding of = ( ) into = ( ) +1 and realize the full a ne group ( , ) as the subgroup of the group ( + 1, ) that preserves the subspace . By Item (a) of the remark, Theorem 6 ὔ in dimension + 1
gives the same estimates for the action of the group ( , ) on and ( ) . However, it would be a logical mistake to carry over these estimates to the natural action of ( , ) on -point con gurations in the space , since we would have to restrict the «basic» action from ( ) +1 to ( ) .
. Enumeration of graphs and hypergraphs
We x a positive integer ℓ ≥ 2 and let be a nite set, | | = ; we consider to be a large parameter. We put = ℓ (the set of ℓ-element subsets in ). The elements of the set are called labeled uniform ℓ-hypergraphs on with hyperedges [18] . For ℓ = 2 they are just graphs with edges.
On the set there is a natural action of the group ( ). We shall denote its homomorphic image in the full permutation group ( ) by ℓ . As abstract groups, ( ) and ℓ (for ℓ ≤ − 1) are isomorphic to the full symmetric group on elements, and when we say that an element (permutation) acts on or on we mean the natural homomorphism ( ) → ℓ ⊂ ( ). As for the natural action of ℓ on ( ), we shall need no special notation for the corresponding permutation group -the homomorphic image of ℓ in ( ). However, speculating about the cycle structure of an element requires specifying the set on which the action is considered. This is particularly important in the proof of Theorem 8 below.
Consider the problem of asymptotic enumeration of unlabeled uniform hypergraphs with vertices and hyperedges, that is, ℓ -orbits on . Our further results are based on the fact that the action is asymptotically free, but the cases ℓ ≥ 3 and ℓ = 2 require di erent approaches: in the rst case it su ces to estimate the minimal degree of ℓ (acting on ) and use Theorem 4, whereas in the second case we shall invoke Theorem 5. It's all about the relation between the values of the minimal degree and the logarithm of the order of the group. For all ℓ ≥ 2 the minimal degree is of the order of ℓ−1 , whereas log | | ∼ log , and so for ℓ ≥ 3 we have ≫ log | |, and for ℓ = 2 the relation is the opposite.
Theorem 7.
Given an integer ℓ ≥ 3 and ∈ (0, 1/2), the number | / ℓ | of unlabeled uniform ℓ-hypergraphs with vertices and hyperedges has the asymptotics (as → ∞)
Proof. Since log | ℓ | = log ! = ( log ), the asymptotics to be established follows from Theorem 4 and the estimate ≥ 2
for the minimal degree of the group ℓ .
Let us prove this estimate. Let ∈ ( ), | | = , and = ( ) be the number of cycles of length (compare with § 2, Subsection 2). We need to estimate from above the number of xed points of the action of on ℓ . (Estimate (9) derived in § 2 in this situation is worthless.) The desired number ( ) is the coe cient at ℓ in the product ∏ We have
where summation is taken over -tuples ( 1 , 2 , . . . , ℓ ) such that = and 1 + 2 + ⋅ ⋅ ⋅ + ℓ = ℓ. The number of all such -tuples does not exceed ℓ(ℓ + 1) = (1). For the product of the coe cients we have the estimate
Let us look attentively at the exponent = 1 + 2 + ⋅ ⋅ ⋅ + ℓ on the right-hand side. Note that = ℓ − 2 − 2 3 − ⋅ ⋅ ⋅ − (ℓ − 1) ℓ . There are three possible cases: 1) = ℓ; this is the case when 1 = ℓ, 2 = 3 = ⋅ ⋅ ⋅ = 0.
2) = ℓ − 1; this is the case when 1 = ℓ − 2, 2 = 1, 3 = ⋅ ⋅ ⋅ = 0.
3) ≤ ℓ − 2 for all other -tuples.
For ̸ = we have 1 ≤ − 2 and, since 1 + 2 2 ≤ , it is readily seen that the contribution of the second term on the right-hand side is ( ℓ−2 ). We obtain a lower bound for the degree of the permutation
as was required.
The classical case ℓ = 2 (enumeration of graphs) is more di cult in the sense mentioned above: here, it is not su cient to employ the estimate based only on the minimal degree. We shall use the technique of «isolation of a bad small set». (The following theorem is a simple version of the known stronger results [19, 3] , in which may depend in a certain way on .)
Theorem 8. Given ℓ = 2 and ∈ (0, 1/2), the number , = | / 2 | of unlabeled graphs with vertices and edges has the asymptotics (as → ∞)
provided that ≤ ≤ 1 − . Here,
and 1 ( ) is de ned in (14) .
Proof. The degree of the group 2) 2 ( ) pairs ( , ) which correspond to 2-cycles of on .
Thus,
Hence,
If ∈ ( ) \ , then ( ) > . We always have 2 ( ) ≤ /2. Therefore,
Problem B is solved: we have obtained the estimate * = 2 \ > ( − 1) 2 .
Let us x ∈ (0, 1) and take = ⌊ ⌋. Then for an appropriate constant < ∞ we have * ln 1 ( ) + ln | 2 | ≤ +1 ln 1 ( ) + ln and ln 1 ( ) + log | | = 2 ln 1 ( ) + ln .
As soon as these estimates are substituted into the right-hand side of Inequality (24) in Theorem 5, we see that it is dominated by the term exp{2 ln 1 ( ) + (ln )}, since 1 ( ) < 1. Thus, we arrive at estimate (29) .
. Estimates for general permutation groups
In the theory of permutation groups there are available universal estimates for the minimal degree from below and for the group order | | from above in terms of the degree = | | (the size of the action space). This is just the source information for Theorem 4. In Subsection 2 of this section (p. 44) we demonstrate that Theorem 4 gives a substantial improvement of the trivial upper estimate in (21) for actions of large groups on sets of large (multi)sets in the case when the basic permutation group is primitive or 2-transitive and almost arbitrary in other respects. Exceptions are the full symmetric and the alternating groups. To complete the picture, in Subsection 1 we analyze the quality of the estimates established by Theorem 4 in these exceptional cases.
1.
Consider the full symmetric group = ( ). (The case of the alternating group = ( ) is treated in the same way.) The action of ( ) on and ( ) is farthest from the free one. Certainly, of most interest here is not the conclusion of Theorem 4, but just the comparison between (the order of magnitude of) the estimates established therein and the true number of orbits: it would make assertions about the roughness of the results of the theorem in the least favourable situation.
(a) The action of ( ) on is transitive for all ≤ , consequently, | / | = 1 and
The minimal degree of the full symmetric group, = 2, does not grow with an increase in the group order. Inequality (22) gives only a (worthless) estimate
We see that the order of magnitude of estimate (22) This gap can be reduced by means of Theorem 5. As in the proof of Theorem 8, let us distinguish a «bad» set ⊂ so that \ ≥ ; now we take = , where < 1 is a parameter. According to (30) we have | | ≤ .
The right-hand side of inequality (24) is asymptotically dominated by the rst term; however, the presence of the factor * 1 (where * = , in contrast to , increases with an increase in ) leads to an estimate of the form
which is informative, i. e. is better than the trivial one. On the order of magnitude, this estimate is Taking su ciently close to 1, for = 1/2 we can make ( , ) arbitrarily close to ℎ( )/2. Theorem 5 does not enable us to go further. The study of the room for the improvement of the estimates due to the substitution of a certain ̸ = * into (12) in the proof of Theorem 1 is beyond the scope of this paper.
(b) The action of ( ) on ( ) is not transitive with the exception of trivial low-dimensional cases. The orbits of the action are in a one-to-one correspondence with the partitions = 1 ⋅ 1 + 2 ⋅ 2 + . . . into at most terms:
| | < exp 72(ln ) 3 .
Substituting the inequalities established by Babai, Bochert and Pyber into Theorem 4, we obtain a strengthening of the trivial upper estimate for the average size of the stabilizer of the induced action of on the sets and ( ) . The strengthening applies to all su ciently large transitive groups with the exception of and .
Theorem 9.
For any ∈ (0, 1/2) and all su ciently large integers > 0 ( ) the following assertions, in which = | | and → 0 as → ∞, hold. Here, we put = 1 ( ) for the action on the subsets and = 2 ( ) for the action on the multisets; the functions 1 ( ) and 2 ( ) are introduced in (14) . 
Remark 4. Since the action of the full a ne group considered in Subsection 5.1 is 2-transitive, a version of Theorem 6 with somewhat worse remainders is a corollary of Theorem 9b. In contrast, the action of the group = ( ) of renumberings of the graph vertices on = 2 is uniprimitive, and the conclusion of Theorem 8 is much stronger than that of the general Theorem 9a. There is no surprise in it, since in the proof of Theorem 8 we rely not only on the estimate for the minimal degree of the group, but also utilize some additional information which enables us to distinguish the set .
